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Abstract

Automated storage and retrieval systems (AS/RS) have become vital in
today’s distribution and production environments, but it is still necessary to
equip them with more efficient operational control policies. Motivated by real
situations encountered in companies using AS/RS, the present paper studies a
miniload AS/RS system, with a dual shuttle crane in which a set of storage and
retrieval requests have to be scheduled in such a way that the prioritized waiting
time is minimized. Dual shuttle cranes have been less studied in literature and
they pose new problems that have to be solved. We address the problem by
decomposing it into a location assignment problem and a sequencing problem.
Different heuristic strategies are proposed for making the assignments, while
for optimizing the sequence we propose a general mathematical model and an
efficient branch and bound procedure. In addition, a fast metaheuristic is also
developed to tackle larger instances. A set of real-world based benchmarks with
different characteristics is generated to evaluate the proposed methods. Only
for very small instances an optimal sequence can be found in reasonable calcu-
lation time. The experiments show the effectiveness of the proposed heuristic
decomposition method.

Keywords: Logistics, Automated Storage and Retrieval Systems, Warehouse,
Heuristics, Decomposition, Control policies, Dual shuttle

1. Introduction

An Automated Storage and Retrieval System (AS/RS) is a type of warehous-
ing system [15] in which the storage and retrieval activities are performed by a
crane (storage/retrieval machine) without any interference of an operator. The
main components of an AS/RS are racks, cranes, aisles, input-output positions
and picking positions [13]. Automated warehousing systems have been used for
storage and retrieval of products in both distribution and production environ-
ments since the 1960s. The implementation of such systems has considerably
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increased in the last decades because they provide several advantages over non-
automated systems. The companies that have implemented these systems are
satisfied with the improvements obtained [6]. MHI [11], America’s largest ma-
terial handling, logistics, and supply chain association, indicates the following
benefits of AS/RS systems: savings of up to 85% of otherwise wasted floor space,
reduced labor requirements by up to two-thirds, extended order cut off times,
individual and department accountability, enhanced product security, increased
ergonomics by delivering items to the operator at a convenient height, elimi-
nation of time lost walking, searching, lifting, bending, and twisting activities,
increased accuracy levels up to 99.99%, increased throughput capabilities, new
revenue generating activities by reclaiming otherwise wasted space and labour.

Designing an AS/RS involves two types of decisions [13]: physical design and
control policies. The first one determines the physical layout and the equipment.
This decision requires a very high investment [1, 5]. It is therefore crucial
to design it right from the beginning because short-term changes are almost
impossible. The application of control policies must manage the system in
order to obtain the maximum profitability. Sequencing the storage and retrieval
requests is one of the important policies. The company has to determine the
sequence in which the storage and retrieval requests are conducted in order to
maximize the performance of the AS/RS system. The performance measures
may differ: travel time per request, number of requests handled per time period,
total time required to handle a certain number of requests, waiting times of the
cranes, waiting time of requests to be stored/retrieved [13].

AS/RS can be categorized according to the size and volume of items to be
handled, the storage and retrieval methods, and the interaction of the stacker
crane and the human worker: Unit-load AS/RS, Deep-lane AS/RS, Miniload
AS/RS, Man-on-board AS/RS, Automated item-retrieval system, and Vertical
lift storage modules [16].

The miniload AS/RS system is common for small parts order picking, for
example in the electronics and pharmaceutical industries. In addition to the
automated crane, the miniload system involves a picker (either human or robot).
Storage racks consist of boxes that store small parts. A box is brought to the
picker for retrieval of small items and is afterwards sent back to a location in the
rack [9]. The main characteristics of the real problem that inspired this study
are:

1. Racks and aisles. There are two racks with an aisle in the middle (see left
picture in Figure 1). The racks are stationary and single deep, and thus
every load is accessible by the stacker crane. The aisle has one stacker
crane, which cannot leave its designated aisle: it is called aisle-captive.
The storage cells are homogeneous and each one holds one box.

2. Cranes. The stacker crane (SC) of the miniload AS/RS has two shuttles
as opposed to the standard AS/RS system where the crane has only one
shuttle. Related to the crane is the dwell-point, the position where the
stacker crane resides, or dwells, when the system is idle. The dwell point
of the system under study is the input-output zone. When the system is
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at work, the crane resides in the last visited location, while in the standard
AS/RS problem the crane starts and finishes all routes at the input/output
zone.

3. Input-output locations. There is one input and one output zone (I/O). The
input zone is used to introduce full boxes from outside the system and has
limited capacity. The output zone is used to remove empty, faulty or out-
dated boxes. When a box arrives at the output zone, it automatically
leaves the system. The functionality of the output differs from the stan-
dard AS/RS problem, where it is used to satisfy the customers’ requests.
This function is made by the picking zones.

4. Picking zones. Warehouses with a miniload AS/RS system apply the
‘product to man’ principle (see [10]): the boxes located on the rack are
handled automatically by a stacker crane bringing them to the operator’s
post so that he/she can take the required units of the product. The boxes
are returned to the rack afterwards. The removed items are introduced
by the picker in small containers. These containers will be picked up and
sent to the customers. The picking zones can be located at the end of
each aisle or on the outboard side of one of the racks (see Figure 1). The
latter situation corresponds with the studied miniload AS/RS system. The
workers can easily access these zones, which may have different sizes.

Figure 1: Position of picking zones in a miniload AS/RS. (left) end of aisle. (right) outboard
side.

The objective of the problem is to schedule the requests in a dual shuttle
miniload AS/RS system with the described configuration. The requests arrive
dynamically to the system. Thus each request has its own release time, as
well as a priority, assigned by the company. For a given set of requests, we
have to determine the sequence in which they are processed and the position
of the corresponding boxes in the rack or in the picking zones so that the total
prioritized waiting time is minimized.
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The present paper proposes different exact and metaheuristic approaches
to scheduling a dual shuttle miniload AS/RS system. Section 2 presents a
review of the solution methods for AS/RS problems and for miniload systems
in particular, while Section 3 introduces the studied system. Section 4 describes
a decomposition approach in which the problem of assigning locations to boxes
is solved first and then we solve the problem of sequencing the requests so to
minimize the total weighted waiting time. For the first phase we have developed
exact and heuristic procedures, while for the second phase we propose exact
procedures. As these exact procedures can only solve to optimality small size
instances, we have also developed a metaheuristic algorithm to solve instances
of realistic size. This metaheuristic is described in Section 5. Sections 6 and 7
present the computational results and conclusions.

2. Literature review

The survey by Roodbergen and Vis [13] and the book by Vasili et al. [16]
provide a good introduction to AS/RS systems. Han et al. [4] indicated that
the problem of optimally sequencing a given list of requests is NP-hard. For
this reason, the exact methods described in the literature only address AS/RS
problems with a set of restrictive assumptions. The basic version of an AS/RS
system has one crane per aisle,. Cranes which can transport only one unit-load
at a time (single shuttle). The racks are stationary and single-deep. This AS/RS
type is referred to as a single unit-load aisle-captive AS/RS. The list of retrievals
and storages continually changes. Performed retrievals are deleted from the list,
new retrieval requests are added, and new requests of storages appear. Han et al.
[4] suggested two ways of dealing with this dynamic problem: block sequencing
and dynamic sequencing. In Block sequencing, a block of the most urgent storage
and retrieval requests is selected and sequenced, and when they are completed,
the next block is selected. The dynamic sequencing resequences the whole list
of requests every time a new request is added to the list. The problem studied
in the present paper considers block sequencing and therefore the review further
concentrates on papers using this approach.

The scheduling problem involves making two decisions for each request: to
assign a final location and to decide the sequence in which the request will
be processed. Most of the published studies solve the first question supposing
dedicated locations. In this case each product type is assigned to a fixed location
because replenishment of this product always occurs at this location [13]. For
solving the second problem, a storage move of the crane is paired with a delivery
move, then building a crane cycle that starts and finishes at the I/O zone.
The storage requests are satisfied in FCFS (First Come, First Served) order.
Therefore the problem consists in pairing a storage with a delivery that is, in
solving an assignment problem.

Lee and Schaefer [7] assumed that the S/R machine operates in dual cycle
(DC) mode. The crane picks a load from the I/O zone, travels to a location
to store it, continues to another location to retrieve a new load, and returns
to the I/O zone and thus completes the cycle. They study the same problem
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as Han et al. [4], who designed two greedy-style heuristic approaches to the
problem because solving it by exact methods had a very high computational
cost. Taking this study into account, Lee and Schaefer [7] proposed both an
exact method and a new heuristic. They formulated the problem as a variant of
the assignment problem and introduced a combination of the Hungarian method
and the ranking algorithm for the assignment problem with tour-checking and
tour-breaking algorithms. They were able to obtain optimal or near-optimal
solutions for moderate size problems.

Lee and Schaefer [8] also studied sequencing methods with dedicated storage.
They designed several methods for both the static and the dynamic case. For the
static case, they formulated the sequencing problem as an assignment problem
and applied existing algorithms for solving the problem optimally. For the
dynamic approach, they developed dynamic sequencing methods, in which the
static methods are applied repeatedly over time.

Van den Berg and Gademann [14] were interested in sequencing the stor-
age/retrieval requests by considering the block sequencing approach in an AS/RS
with dedicated storage. The objective was to find a route of minimal total travel
time, equivalent to the Travelling Salesman Problem. They showed that the
particular case of sequencing under a dedicated storage policy can be solved in
polynomial time.

Hachemi et al. [3] develop a stepwise optimization method, determining for
each double cycle the location of the item to be stored and the location of the
item to be retrieved while minimizing DC time. They assume an initial set of
dual cycles to be known.

Mahajan et al. [9] studied the problem of sequencing the requests of retrieval
and storage in a miniload AS/RS. Current retrieval requests become future
storage requests, since loads are returned into the system after the items have
been picked. Therefore, the problem can be reformulated in such a way that
only a queue of retrieval requests exists, which results in a less complicated
problem. There is only one picker at the end of the aisle. Retrieval requests
are rearranged such that successive requests are located in each other’s vicinity.
Storages and retrievals close to each other are paired by a nearest-neighbour
heuristic.

All these studies suppose that the crane can move only one load at a time,
there are no picking zones, the storage requests are satisfied in FCFS order,
there is just one I/O location and each move of the crane starts and finishes in
the I/O location, allowing them to work with the concept of crane cycle.

The study on dual shuttle cranes by Azzi et al. [1] focuses on developing a
new method for the calculation of travel times, considering dual and quadruple
cycles. A simulations study validates the proposed method. Xu et al. [17] have
also developed a method for computing travel times for dual shuttle cranes based
on quadruple cycles, comparing the efficiency of single and double deep storage
racks.

The concept of cycle is, however, not applicable to the problem studied here,
for two main reasons. First, the crane starts at the I/O zone, but after moving
a box it stays at its current location waiting for a new request, instead of going
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back to the I/O zone. Second, the sequence of the requests needs to be deter-
mined, without knowing their destination at the rack or at the picking zones,
and allowing the double shuttle to perform two consecutive retrieval moves when
it is empty or two consecutive storage moves when it is full. Therefore, crane
moves in this miniload AS/RS can be much more complex than the standard
dual cycles.

3. System description, assumptions and notation

The miniload AS/RS considered in this paper consists of one aisle with a
rack served by a double shuttle crane. We only consider the face of the rack
where the picking zones are located. The rack is composed of cells, where each
cell is identified by its row and column, starting from the bottom-left corner. A
simplified scheme of the rack is shown in Figure 2.

Input

INPUT OUTPUT

Picking 
zone 2

Picking 
zone 1

Picking 
zone 3

Figure 2: Example 8 × 8 rack with I/O and three picking zones.

The cells at locations (1,1) and (1,2) are the input and the output zones,
respectively. The pattern colored cells are three picking zones with different
locations and sizes. The black cubes are boxes to be picked up and delivered.
The boxes can be located at the input zone, in some position of one picking
zone, or in any position of the rack. There is a list of requests to be satisfied.
A request consists of moving a box from its initial location, origin, to another
location, destination. The company considers that the storage destinations of
the requests are determined randomly. All the empty locations have the same
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probability of receiving an incoming load [13]. So, the origin of a box is known,
but not its destination. We only know that the box must be moved to the
output location, or to a specific picking zone, or to a position in the rack that
has to be determined. If the origin of a box is the input zone, its destination
will be a storage cell of the rack. If the origin is a storage cell of the rack, its
destination will be the output zone or a specific picking zone. Finally, if the
origin is a picking zone, the destination will also be a storage location of the
rack. When a box arrives at a location of a picking zone, the picker gets the
specific items and afterwards generates a new request to send the box back to
the rack.

Each request is linked to a customer. The company usually has different ar-
rangements about due dates depending on the type of customer. For this reason,
the company may prefer to satisfy a customer before another and then it as-
signs a customer-specific priority to each request. Besides the above mentioned
characteristics, the following assumptions and notation are considered:

1. There is a set J of requests to be processed. The number and composition
of the requests is fixed and does not change during the process (block
sequencing).

2. Each request j has a customer-dependant priority αj .

3. Each request j has a release time t0j . All requests to be sequenced are in
the system and can be processed when sequencing starts.

4. Each request j has a known origin Oj and an unknown destination Dj .

5. The crane can move simultaneously in both vertical and horizontal direc-
tions at a constant speed s. The distance between any pair of locations
can thus be calculated using the Chebyshev metric (1).

D(Li, Lj) = max(|Lih − Ljh|, |Liv − Ljv|) ∀i, j ∈ J (1)

Therefore, the travel time between location Li and location Lj , T (Li, Lj)
is:

T (Li, Lj) = D(Li, Lj)/s ∀i, j ∈ J (2)

The time required by the crane to load or unload a box is constant and
is added to the travel time. In practice, travel time depends on which
shuttle, left or right, the box has to be loaded or unloaded. However, in
this study we assume that the impact of the shuttle choice on the proposed
approaches is minimal and therefore is neglected.

6. Each request j has a finishing time fj at which the requested box is de-
livered at its destination.

7. At the beginning of the process, the crane is empty and its location is
known.

8. Each zone (picking zones, rack) is composed of a set of locations. The
number of requests to be stored at each zone must be less than or equal
to the size of the zone. Otherwise, the problem would be infeasible.
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The objective to be optimized is the total prioritized waiting time, given by
equation (3).

Min
∑
j

αj(fj − t0j ) (3)

4. Decomposition approach

Scheduling the requests in the miniload AS/RS system involves answering
two questions: where and when each request has to be stored.

In the proposed decomposition approach these questions are answered sep-
arately and sequentially. The problem is divided into two subproblems. The
first is an assignment problem with the objective of determining the best stor-
age location for each request. The second is a sequencing problem, in which,
knowing the origins and also the destinations of the requests, the best sequence
of storage and retrieval moves has to be determined.

4.1. Location Assignment Problem

In the location assignment problem the destinations have to be chosen in
such a way that, after sequencing the requests, a high quality final solution is
determined. We have designed two methods to make the assignments. The
first one assigns locations sequentially, while the second method makes all the
assignments simultaneously.

4.1.1. Sequential location assignment

In this method, the requests are first sorted according to some criterion C1.
Then, for each request a location among all the possible locations is chosen
according to criterion C2.

C1 - sorting the requests. Since the objective is to minimize the total weighted
waiting time, the two most important request characteristics are the priority
αj and the release date t0j . We therefore sort the requests by non-increasing
priority and use the non-decreasing release date as a tie break.

C2 - sorting the locations. We determine two key characteristics for each pos-
sible destination d:

• the travel time from the origin of the request to this destination: Tpd

• the average travel time from this destination to the origins of all the other
requests T d

Two weights, w1 and w2, are assigned to these characteristics. The delivery
location chosen is the one minimizing equation (4).

C2 = w1Tpd + w2T d (4)

Section 6.4 discusses how to choose good values for weights w1 and w2.
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4.1.2. Simultaneous location assignment

To make a simultaneous assignment of locations the problem is formulated
as a classical assignment problem that can be solved in polynomial time [12].
The assignment costs are the same as in the sequential assignment and are thus
calculated by equation (4). The main advantage of the simultaneous assignment
appears when requests are competing for the same locations, which often occurs
when there are few available locations for the storage requests.

4.2. Sequencing problem

A possible advantage of decomposing the problem, is that the sequencing
problem can be solved more efficiently. Two exact approaches are proposed: first
a MIP model (Section 4.2.1) and then a branch and bound algorithm (Section
4.2.2).

4.2.1. MIP

The problem of sequencing the requests is formulated as an integer linear
program. A set of request J must be processed. For each request, its origin
and destination are known after solving the assignment model. Each request
involves two moves of the crane:

- First, the crane must move to the origin of the request and pick up the
box which was stored there,

- Then, the crane must move the box to its destination to deliver it.

The sequence of crane moves can be modeled as a process of K = 2 |J | steps.
The crane makes one move at each step. The process finishes when all the
requests have been processed, that is when each box has been picked up at its
origin and delivered at its destination. Taking into account these ideas we can
formulate the following model.

Variables
The model has four types of variables:

xjk =

{
1 if request j is picked up at step k
0 otherwise

yjk =

{
1 if request j is delivered at step k
0 otherwise

tk = final time of step k

fj = final time of request j

The formulation of the model is:
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Min
∑
j

αj(fj − t0j ) (5)

subject to :∑
k

xjk = 1 ∀j ∈ J (6)∑
k

yjk = 1 ∀j ∈ J (7)∑
j

(xjk + yjk) = 1 ∀k ∈ K (8)

k∑
l=1

xjl ≥
k+1∑
l=2

yjl ∀j ∈ J ; ∀k ∈ {1, 2, . . . ,K − 1} (9)

k∑
l=1

∑
j

xjl −
k∑
l=2

∑
j

yjl ≤ 2 ∀k ∈ K (10)

tk ≥ tk−1 + T (Oi, Oj)(xi,k−1 + xjk + xj,k−1 + xik − 1)

+T (Oi, Dj)(xi,k−1 + yjk + xi,k + yjk−1 − 1) ∀i, j ∈ J ; ∀k ∈ K − {1} (11)

tk ≥ tk−1 + T (Di, Dj)(yi,k−1 + yjk + yj,k−1 + yik − 1)

+T (Oi, Dj)(xi,k−1 + yjk + xi,k + yjk−1 − 1) ∀i, j ∈ J ; ∀k ∈ K − {1} (12)

t1 ≥ t0 +
∑
j

T (Input,Oj)xj1 (13)

tk ≥ t1 +

k∑
l=1

Tminl ∀k ∈ K (14)

fj ≥ tk − (1−
K∑
l=k

yjl)

k∑
l=1

Tmaxl ∀j ∈ J ; ∀k ∈ K (15)

k∑
l=1

xil ≥
k∑
l=1

yjl ∀(i, j) ∈ P (16)

xjk ∈ {0, 1} ∀j ∈ J ; ∀k ∈ {1, 2, . . . ,K − 1}(17)

xjK = 0 ∀j ∈ J (18)

yjk ∈ {0, 1} ∀j ∈ J ; ∀k ∈ {2, . . . ,K} (19)

yj1 = 0 ∀j ∈ J (20)

tk ≥ 0 ∀k ∈ K (21)

fj ≥ 0 ∀j ∈ J (22)

(23)
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• The objective function (5) minimizes the weighted sum of the time each
order j remains in the system.

• Constraint (6) ensures that the box of each request j is picked up once.

• Constraint (7) ensures that the box of each request j is delivered once.

• Constraint (8) ensures that at each step k the crane only makes one move.

• Constraint (9) ensures that each request j is picked up before it is deliv-
ered.

• Constraint (10) ensures that, at each step, the difference between the
number of pickup and delivery moves cannot be more than the capacity
of the crane, two boxes.

• Constraints (11, 12) define how to calculate the final time for each step
k in function of the final time of step k − 1 and the travel time between
both steps. There are three possible situations: the crane moves from
origin to origin, from origin to destination (note that the distance matrix is
symmetric), or from destination to destination. However it is not necessary
to use three different constraints. Note that if the crane is at an origin at
step k−1, at the following step k it can only be either at another origin or
at a destination. The two cases are mutually exclusive. A similar situation
appears when the crane is at a destination at step k − 1.

• At the initial time t0, with k = 1, the crane must move from the input
location to the origin of a request j. It is ensured by Constraint (13).

• Constraint (14) defines a lower bound for the final time at each step. For
each request we calculate the minimum time to arrive at its origin from
any other origin or destination and the minimum time to arrive to its
destination also from any other origin or destination. All these times are
sorted in non-decreasing order and stored in Tminl .

• Constraint (15) defines the final time of each request j, linking it to the
step k in which it was delivered. Instead of a big M , we use the expression
Σkl=1T

max
l to ensure that the constraint is always valid. Tmaxl is built in

the same way as Tminl , using the maximum travel times between locations
and ordering them in non-increasing order.

• Constraint (16) is the precedence relation between two requests (i, j). It
is necessary if the destination of request j is the origin of i. In this case,
the pick up of request i must be made before the delivery of request j.

• Variables t and f are not necessarily integer since they depend on the
travel times and they can be continuous.
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Note that the model can be extended to include the choice of the destina-
tions. If for any request j, instead of a fixed destination, we have a set D(j)
of possible destinations, then each unloading variable yjk would have to be re-
placed by a set of variables yjkl, taking value 1 if request j is delivered at step
k at location l, l ∈ D(j), and value 0 otherwise. However, as will be shown
later in the experiments, the above formulation has very high calculation times
even for very small problems. Therefore, extending it to the case of unknown
destinations would only make it much harder to solve.

4.2.2. Branch and bound

Where the above MIP formulation relies on a general solver with bounds
obtained from the linear relaxation of the formulation, the branch-and-bound
proposed in this section is tailored to the problem and the branching strategy
and the bounds are problem-specific. The algorithm performs a depth-first
search in the state space tree. A node is either a pickup node (at the origin) or
a delivery node (at the destination). The depth of a node in the tree corresponds
to the position in the sequence of steps. The maximum depth of the tree equals
twice the number of requests, since for each request there is exactly one pickup
and one delivery node.

The branch and bound algorithm can be easily extended to the case of
unknown destinations, where the location of a pickup node is fixed but the
location of a destination node is part of the search. This general case is depicted
in Figure 3. At the first branching level, only pickup moves are possible. As
the crane has a double shuttle, the second level considers picking up a new
request or delivering the request picked up at the first level. Delivery moves
correspond to the pickup move at the parent node. At level three, after two
pickups the crane is full and only delivery moves are possible. At level four,
after one delivery move has been carried out, both pickup and delivery moves
are possible.

Bounding. To effectively prune the search tree, the following bounding mech-
anism is used. A node is pruned when f(S) + LB ≥ f(S∗), where f(S) is the
objective value of the partial solution S, f(S∗) the best found upper bound,
and LB a lower bound for the current node. f(S) is here the prioritized waiting
time of all the requests with a delivery node assigned in the partial solution.

The lower bound value LB is calculated as follows. First the earliest finish
time fj for each remaining request j ∈ Jω is calculated using Equation 24.
Then, LB is calculated using Equation 25.

fj = T + T (L,Lρj ) + T (Lρj , L
δ
j) ∀j ∈ Jω (24)

LB =
∑
j

αj(fj − t0j ) ∀j ∈ Jω (25)

where T is the finish time of the current partial solution, L the location of the
last node of the partial solution, Lρj the origin of request j, Lδj the destination
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Pickup J1 Pickup J2 Pickup JN...

Pickup J2 Pickup JN...
Delivery J1

L1

Delivery J1

L2

Delivery J1

Lm
...

Delivery J1

L1

Delivery J1

L2

Delivery J1

Lm
...

Delivery J2

L1

Delivery J2

L2

Delivery J2

Lm
...

Delivery J2

L2

Delivery J2

Lm
...

Pickup J3 Pickup JN...

...

Figure 3: The branch and bound search tree.

of request j and αj the priority of request j. A visual representation of the
lower bound LB calculation on a simplified rack is shown in Figure 4. Starting
from the initial location of the crane, in black, grey nodes are already part of
the solution, whereas white locations are still to be added, so the last move of
the crane has been to deliver request 2 at time T . From there three options are
possible: P5, D3, and P4. The minimal times in which these requests will be
completed are calculated: f5 = T + T1 + T2, f3 = T + T6, f4 = T + T3 + T4,
and therefore: LB = α3(f3 − t03) + α4(f4 − t04) + α5(f5 − t05).

In case the pickup of a request was already part of the solution, but the
delivery is not, Equation 24 is replaced by Equation 26

fj = T + T (L,Lδj) ∀j ∈ Jω (26)

The lower bound can be strengthened when the last two nodes in the partial
solution are pickup nodes. In this case, we know that at least one of these last
two requests must be delivered in the next step. Therefore, updated earliest
finish times and a lower bound value LB(q) can be calculated for each of these
two requests q1 and q2 based on Equations 27, 28, 29. The minimum of these
two bounds gives a new strengthened bound LB2 (Equation 30).
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Figure 4: Visual representation of the lower bound calculation.

fq = T + T (L,Lδq) ∀q ∈ {q1, q2} (27)

fj(q) = efq + T (Lδq, L
ρ
j ) + T (Lρj , L

δ
j) ∀j ∈ Jω \ {q1, q2} ∀q ∈ {q1, q2}(28)

LB(q) = αq(fq − t0q) +
∑
j

αj(fj(q)− t0j ) ∀j ∈ Jω \ {q1, q2} ∀q ∈ {q1, q2}(29)

LB2 = min(LB(q1), LB(q2)) (30)

Algorithm. The branch and bound is implemented as a recursive function. A
new node (pickup or delivery) is added to the solution, iteratively, at each level.
The branch and bound procedure is detailed in Algorithm 1 and Algorithm 2.

The algorithms can be applied to the cases of known and unknown destina-
tions. The only difference will appear on line 7 of Algorithm 2. When the des-
tination locations are known beforehand, GenerateDeliveryLocations will only
return one location. If the destination locations are unknown, multiple desti-
nation locations can be considered. Obviously, the bound LB2 will be much
weaker if the destination locations are unknown. In addition, the tree will be
much larger, and thus a significant increase of calculation time is expected for
the branch and bound with unknown destinations.
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Algorithm 1: Branch and bound algorithm

Let S∗ be a global variable representing the best solution, initialized as
S∗ ← ∅

Input: Solution S, depth d
BranchBound(S)

1 Q← GenerateNodes(S)
2 foreach node ∈ Q do
3 if node cannot be pruned then
4 S ← S ∪ {node}
5 if S is not complete then
6 BranchBound(S)

7 else
8 if S∗ = ∅ or S′ is better than S∗ then
9 S∗ ← S′

10 S ← S \ {node}

Algorithm 2: Generation of nodes

1 GenerateNodes(S)
2 Q← ∅
3 foreach request ∈ Requests do
4 if PickupNotScheduled(S,request) AND HasEmptyShuttle(S)

then
5 Q← PickupNode(request)

6 if DeliveryNotScheduled(S,request) AND
RequestOnShuttle(S,request) then

7 L← GenerateDeliveryLocations(S,request)
8 foreach l ∈ L do
9 Q← DeliveryNode(request,l)

10 return Q

5. Metaheuristic approach

The approaches considered so far have a limited practical application because
they will take too long for large instances. As the goal of this study is to
arrive at fast, high-quality solutions for large, real-world problems, we have
also developed a metaheuristic approach. When designing the metaheuristic
algorithm we do not need to decompose the problem, so the location assignment
and the scheduling are considered simultaneously.
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5.1. The heuristic model

The heuristic model represents a solution as a sequence of steps. This se-
quence is implemented as a doubly linked-list structure, where each step has a
reference to its predecessor and successor. A step is either a pickup or a deliv-
ery. Furthermore, a step holds information on the request, the location, and the
used shuttle. The first step in the sequence is a dummy representing the current
location of the shuttle. An additional data structure with state information of
the shuttles is kept in each step.

5.2. Constructive heuristic

A best-fit constructive heuristic generates an initial solution for the problem.
The best-fit starts by sorting the requests in order of non-increasing priority.
Afterwards, it inserts the requests one by one at the ‘best’ possible position in
the solution. Such a ‘best’ possible position is the position for both pickup and
delivery steps that minimizes the total increase in objective function value. The
initial solution is denoted by Si.

5.3. Improvement heuristic

The constructive heuristic cannot guarantee a high quality initial solution.
We defined a set of local perturbations, called moves, which generate new, pos-
sibly improved solutions when applied to a given solution.

• Remove and reinsert: removes a single request and reinserts it at the
best possible position.

• Multi remove and reinsert: removes multiple requests and reinserts
them at the best possible positions.

• Delivery location swap: swaps the delivery location of two requests
with the same delivery zones.

• Order swap: swaps the order of two successive stops assigned to different
shuttles.

These moves can be applied to a solution in many possible ways. One can
determine the order in which moves are applied, and/or the acceptance of a
newly generated solution to replace the current one. The presented improvement
phase employs a metaheuristic to guide the search for better solutions, based
on the Step counting hill-climbing algorithm (SCHC) [2]. SCHC belongs to
the category of threshold acceptance metaheuristics. It compares the quality of
a candidate solution with a threshold value or bound Bc which is updated to
the value of the current solution after a predefined number (counter limit Lc) of
accepted solutions. In general, a large Lc value supports slow convergence, while
potentially leading to higher quality solutions due to its thorough exploration
of the solution space. The value of Bc is initialized with the objective value of
the initial solution (f(Si)). The main advantages of the SCHC metaheuristic
include a straightforward implementation which is similar to plain hill-climbing,
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one single parameter (Lc) and its potential to avoid local optima. Each iteration
applies one perturbation, randomly sampled from the set of four moves.

Algorithm 3 explains the SCHC, where S is the current solution, S′ a candi-
date solution, f(S) and f(S′) the objective of the given solution, Lc the counter
limit parameter, Bc the bound or threshold value, and nc a counter to keep
track of the number of accepted solutions.

Algorithm 3: Step counting hill-climbing

Let Initial objective bound Bc = f(Si)
Let Initial counter nc = 0
Input: Solution S, counter limit Lc
StepCountingHC(Si,Lc)

while Stopping condition not met do
Construct a candidate solution S′ ⇐ RandomMove(S)
Calculate its objective function f(S′)
if f(S′) ≤ Bc then

Accept the solution and S ⇐ S′

Increment counter nc ⇐ nc + 1
if nc ≥ Lc then

Update the bound Bc = f(S)
Reset the counter nc ⇐ 0

6. Computational results

In order to assess the performance of the proposed methods, an experimental
study has been performed on a set of benchmark instances. Section 6.1 presents
the benchmark sets and their characteristics. Section 6.2 compares the two
proposed methods for solving the scheduling problem with fixed destinations.
Section 6.3 looks at optimally solving the problem with unknown destinations
using the branch and bound algorithm. Different location assignment strategies
are studied in Section 6.4, and results obtained by the metaheuristic are given
in Section 6.5.

All experiments were conducted on a desktop computer with Intel Core i7-
2600 @3.4GHz and the Java 8 programming language. IBM ILOG CPLEX
12.6.1 has been used as a general MIP solver.

6.1. New benchmark instances

A set of real-world inspired benchmark instances has been generated. The
following characteristics are incorporated:

• Most cells are for storage purposes

• There is only one input and one output zone in a corner of the rack

• There are several picking zones of varying sizes randomly placed in the
rack
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Instance S1 S2 M1 M2 L1 L2

Type small small medium medium large large
Rack size 10× 10 5× 20 20× 20 10× 40 100× 100 20× 500
Number of requests |J | 5-10 5-10 5-20 5-20 5-100 5-100
Number of shuttles 2 2 2 2 2 2
Number of picking zones 3 3 6 6 10 10
Max zone size 4 4 6 6 15 15
Percentage of occupied cells 30-90 30-90 30-90 30-90 30-90 30-90
Number of instances 420 420 1120 1120 350 350

Table 1: Characteristics of the benchmark instances

• Chebyshev distance metric is assumed, and the crane speed is s = 1

Two small (rack sizes: 10 × 10 and 5 × 20), two medium (rack sizes: 20 ×
20 and 10 × 40) and two large (rack sizes: 100 × 100 and 20 × 500) sets of
instances have been generated. The small sets contain up to |J | = 10 requests,
while the medium sets have up to |J | = 20 requests. The large sets contain
up to |J | = 100 requests. For all sets, multiple instances are generated with
varying percentages of occupied cells in the interval [30%,90%]. The release
times t0j are generated according to a Poisson distribution with λ = 5. For each
rack size, number of requests, and load percentage combination, ten random
instances have been generated (similar to the example in Figure 2). Table
1 summarizes the main characteristics of the benchmark sets generated. The
problem instances and their solutions can be found at http://benchmark.gent.
cs.kuleuven.be/asrs/.

6.2. MIP vs branch and bound

We compare first the MIP and the branch and bound (B&B) approach to the
scheduling problem with fixed destinations. The destinations have been deter-
mined by using the sequential location assignment method. The approaches are
tested on benchmark sets S1, S2, M1, and M2. The number of requests varies
from 5 to 18. Figure 5 shows the computing times (in milliseconds) for each
method on each instance. Note that a logarithmic scale is used. Both methods
show an exponential behavior, but it can be clearly seen that the branch and
bound outperforms the MIP formulation by some magnitudes of scale. The MIP
can only solve instances with up to eight requests. Further experiments, con-
sequently, will only use the branch and bound algorithm, although it requires
very high calculation times when the number of requests is larger than 15. In
fact the B&B can solve most of the instances with 17 requests and some with
18 requests within the time limit of 109 milliseconds.

6.3. Branch and bound with unknown destinations

Figure 6 shows the computing times for the branch and bound algorithm with
unknown destinations on the small datasets S1 and S2. The optimal solution
(including optimal destinations) can be obtained only if the number of requests

18
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Figure 5: Comparing MIP and branch and bound (BAB) for varying number of requests

does not exceed 7. The calculation times are too high to be of any practical use.
However, the optimal solutions can serve as a benchmark for evaluating the other
approaches. In particular, if we solve these instances using the B&B algorithm
with known destinations (Figure 5) the gap is 2.9%. Obviously, solving the whole
problem produces better results than the decomposition approach. Nevertheless,
its high computational cost makes it useful only for very small instances.

The instances in Figure 6 are sorted from low to high percentages of occupied
cells for each number of requests. It is clear that the calculation time heavily
depends on the number of empty locations in the rack. Large numbers of empty
locations lead to high calculation times. The medium sized datasets M1 and
M2 are too large to be solvable for more than 4 requests.

6.4. Location assignment strategies

The sequential location assignment method is tested with different weights
for w1 and w2, defined in Section 4.1.1. The first strategy uses w1 = 10000 and
w2 = 1, thus giving higher importance to the travel time between origin and
destination. The second strategy uses w1 = 1 and w2 = 10000, giving higher
importance to the average travel time from the destination of a request to the
origins of all the other requests. A random location assignment strategy is added
for comparison purposes. Figure 7 shows a comparison of these strategies on
datasets S1, S2, M1, and M2 with up to 15 requests in terms of average objective
value. Once the destinations are known, the branch and bound can compute
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#Request 5 6 7 8 9 10 11 12 13 14 15 Global

Sequential 2.0 2.1 2.5 1.4 1.4 1.2 1.5 1.4 1.4 1.1 1.0 1.5
Simultaneous 2.0 2.2 2.3 1.3 1.2 1.1 1.3 1.3 1.3 1.1 0.9 1.4

Table 2: RPD for sequential and simultaneous location assignment methods

a solution. The first strategy is clearly better, independently of the number of
requests. The percentage at which the first strategy is the best one is always
above 90% for the small instances and 100% for the medium instances.

Now the sequential assignment method, using weights w1 = 10000 and
w2 = 1, is compared with the simultaneous assignment method. To analyze
the performance of each method the relative percentage deviation (RPD) is
calculated as follows:

RPD =
Methodsol −Bestsol

Bestsol
· 100 (31)

where Methodsol is the solution obtained with a given method and Bestsol is the
best known solution. Table 2 shows the average Relative Percentage Deviation
(RPD) on datasets S1, S2, M1, and M2 up to 15 requests for each location
assignment strategy.

The table shows that the simultaneous strategy is slightly better than the
sequential strategy. An Analysis of Variance (ANOVA) technique has been
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Figure 8: Comparing location assignment strategies

applied to analyze if this difference is significant from a statistical point of
view. Several factors (size, type, rack size, percentage of occupied cells, location
assignment strategy) of the instances have been considered to study if they are
statistically significant to explain the performance of the methods. Figure 8
compares both assignment strategies and a new method denominated Best,
that consists in selecting for each instance the best solution obtained with both
strategies.

Figure 9: Interaction between percentages of load and location assignment strategies

The intervals of the sequential and simultaneous strategies are overlapping,
indicating that the differences are not statistically significant. However, they
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#Requests 5 6 7 8 9 10 11 Global

Sequential 2.0 2.1 2.5 1.4 1.4 1.2 1.5 1.7
Simultaneous 2.0 2.2 2.3 1.3 1.2 1.1 1.3 1.6
Best 1.7 1.8 2.0 1.0 0.9 0.8 1.1 1.3
Both 1.7 1.8 2.0 0.9 0.9 0.7 1.0 1.3

Table 3: RPD for different combinations of B&B with location assignment strategies

are complementary. The interval of Best does not overlap the others, meaning
that it is better than each of the two strategies. We have also analyzed the
interaction between each location assignment strategy and the rest of factors.
The only relevant factor has been the percentage of occupied cells. Figure 9
shows the means plots for the interaction between the proposed methods and
this percentage. It can be observed that for 70% and higher percentages the
simultaneous method is outperforms the sequential method. Taking into account
these conclusions a possible strategy for solving the problem could be to apply
the B&B with unknown destinations but limiting the possible destinations to
just the two destinations determined by the two assignment strategies . However
this strategy (Both) has a very high computational time and it is only able to
solve up to 11 requests in a reasonable computing time. Table 3 compares
the four methods. The table shows that Best and Both have very similar
performances, but Best method is much faster than Both.

6.5. Results of the metaheuristic algorithm

The decomposition approach produces high quality results, whereas it can
solve only small instances and therefore its practical use is severely limited. On
the other hand, the metaheuristic algorithm described in Section 5 is able to
produce good solutions in very short computing times. Figure 10 shows the evo-
lution of average computational times measured in seconds on datasets S1, S2,
M1, and M2 up to 15 requests for the branch and bound with sequential and si-
multaneous strategies and the metaheuristic algorithm. Note that a logarithmic
scale is used. The metaheuristic was used with the following parameter settings:
Lc = 10, 000 and a stopping criterion of 500, 000 non-improving moves. These
parameter settings were obtained after some limited parameter tuning with a
focus on solution quality and calculation time.

Table 4 shows the average computing time of the branch and bound algo-
rithm using sequential and simultaneous strategies, the constructive procedure
and the metaheuristic algorithm, for each set of instances. It can be seen that
the metaheuristic algorithm produces good solutions for instances of sets L1
and L2 with up to 100 requests in a few seconds.

Table 5 shows the RPD on datasets S1, S2, M1, and M2 up to 15 re-
quests for the constructive and the metaheuristic algorithms. We can see the
local search included in the metaheuristic algorithm is necessary to improve
the results of the constructive procedure. The table also shows that the average
percentage deviation from the best solution obtained by the exact or decomposi-
tion methods is quite low, indicating that the proposed metaheuristic algorithm
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Figure 10: Computing times of decomposition and metaheuristic approaches

S1 S2 M1 up 15 M2 up 15 M1rest M2rest L1 L2

Sequential 8.2 5.0 2297.2 4469.9
Simultaneous 9.1 5.3 2518.7 5622.9
Constructive 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Metaheuristic 0.9 0.8 0.8 1.4 1.4 1.4 14.2 14.3

Table 4: Average computing time in seconds for each set of instances
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#Requests 5 6 7 8 9 10 11 12 13 14 15 Global

Constructive 3.2 3.7 4.2 3.6 4.2 5.0 3.4 3.8 4.1 4.6 5.5 4.1
Metaheuristic 1.3 1.7 2.5 2.3 3.2 4.1 2.5 3.0 3.4 3.7 4.6 2.9

Table 5: RPD for the constructive and metaheuristic algorithms

S1 S2 M1 M2 L1 L2

Average percentage 2.12 1.94 0.93 0.77 0.53 0.15
of improvement (%)
Number of instances 191/420 209/420 475/1120 474/1120 151/350 134/350
with improved solutions (45%) (50%) (42%) (42%) (43%) (38%)

Table 6: Improvements of the metaheuristic algorithm for each type of instances

is a very good approach to solve large-size real problems. Table 6 shows the
percentage of improvement and the number of improved instances for each in-
stance set. Although the percentage of improvement decreases with the size
of the problem, the percentage of improved solutions is very similar among all
sets of instances. Local search helps to improve the solutions provided by the
constructive algorithm at a reasonable computing cost.

7. Conclusion

In this paper we have studied a miniload AS/RS system with a dual shuttle
crane. Besides the double capacity of the crane, there are other special char-
acteristics, such as the existence of several picking zones located at the side of
the rack apart from the usual input/output zones. The destination of the re-
trieval requests in the picking zones and the storage requests in the rack is not
fixed and has to be determined when sequencing the set of requests. Managing
efficiently this system is a complex problem, for which we have proposed an op-
timization approach based on decomposing the problem into an assignment and
a scheduling problem. For the location assignment problem we have developed
two basic strategies, making the assignment sequentially or simultaneously. For
the scheduling problem, we have formulated an integer linear model and also we
have designed a branch and bound algorithm specifically adapted to the prob-
lem. In addition, a fast metaheuristic approach that can easily schedule up to
hundreds of requests has been proposed.

The performance of these approaches has been assessed on a set of generated
benchmark instances which we have made available. The results of our study
show that the branch and bound algorithm outperforms the MIP model solved
with a commercial solver, but it cannot be applied to medium and large-size real
instances. The proposed metaheuristic algorithm obtains good results for large
instances in very reduced computing times. In summary, the presented research
demonstrates the possibility of improving automated warehouse operations.

The ideas developed here could be applied to other related AS/RS system. In
future research, it could be worthwhile to improve further the proposed models
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and exact algorithms for a better scaling towards larger instances.
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